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1. INTRODUCTION

The basis of this work is the sum of a Boolean algebra and a logic
(orthomodular lattice) defined in Ptak (1986). For a given Boolean algebra
B and a logic L, it enables us to construct a logic L such that both B and
L, are sublogics of L and many properties of B and L, are inherited for L
(e.g., if L; is a modular logic, then L is also modular), while a horizontal
sum ({0; 1}-pasting) of B and L, does not respect them. These questions are
studied in Fanis (1990). On the other hand, completeness of both B and L,
does not guarantee completeness of L. This work deals with some aspects
of MacNeille completions of sums and with relations between sums and
direct products of logics.

2. BASIC NOTIONS AND DEFINITIONS

By an orthomodular lattice (OML) we understand a lattice L with 0, |
and with an orthocomplementation (we denote by a’ the orthocomplement
of an element a) fulfilling the following conditions:

(i) (&) =a for each aeL.
(ii) If a<b, then b’ <a’ for each a, beL.
(iii) ava'=1 for each ae L.
(iv) If a, beL, a<b, then b=av (b A a’) (the orthomodular law).

The elements a, b are orthogonal if a<b'. The term logic (quantum
logic) is used for orthomodular lattices as well.
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If L, L, are OMLs, then the mapping f: L, — L, is called a morphism
if for each a, belL,

J©=0, flavb)y=f(@vf(h) and [fl@)=(f(@))

If 1 is bijective and both fand f~' are morphisms, then 1 is called an
isomorphism. The mapping f: L; — L, is called an embedding if {: L, — f(L,)
is an isomorphism.

We introduce the definition of a sum of a Boolean algebra and a logic
as it is used in Ptak (1986).

If B is a Boolean algebra and L, is an OML, then the OML L is called
a sum of B and L, if the following conditions are fulfilled:

(i) There exist embeddings f: B — L, f;: L, — L such that f(a) A fi(b)=
0 if and only if a=0 or b=0; aeB, bel,.

(ii) There is no proper sublogic of L containing f(B) U fi(L,).

(iti) If 5, and s, are states on B and L,, respectively, then there is a
state s on L such that s( f(a)) =s,(a) for each aeB and s( f1(b)) =s:(b) for
each bel,.

It is proved in Ptak (1986) that this sum exists for any Boolean algebra
and any OML. Now we shall briefly describe its structure:

Let us consider the set S of all the elements of the form {(ay, b)),
(az, bs), . . ., (@, b,)), where n is a natural number, a;eB, and beL,, i=
1,2,...,n, such that a; A ;=0 whenever i#j and \/;'=| a=1

The relation < in § is defined in the following way: {{ai, b1),
(az, b2), - .., (an, b)> <{(c1, dv), (€2, ), . .., (Cm» du)) if b;<d; whenever
a; A ¢;#0.

If we identify those elements p, re S for which both p<r and r<p, then
the set of all the corresponding equivalence classes is the required sum
B@L,. We shall write its elements in square brackets.

The orthocomplementation in B@L, is defined in the following way:
If pe BOL,,

p=l(a1,b1), (a2, b2), . . ., (an, )]
then
p'=[(a,bi), (a2, 03), . . ., (an, b1)]
It is easy to verify that if

p——;[(al 5 b]), (az, bz), fe (a,,, b,,)]
r=[(C| s dl)’ (C2s dl)s ey (cms dm)]
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then

nom

pvr=[(a;nc;, b Vdj)]i=l,j=l

nm

pAar=[(a;Ac;, b Ad)TIE j=
The embeddings f, f; from the definition of the sum are such that
f@=[(a 1), @,0], filb)=[(1,b)] for aeB, bel,

3. PROPERTIES OF SUMS

In this section we give a brief review of some results proved in Ptak
(1986) and Janis (1990) and derive two properties useful for our purposes.
Throughout the whole section we suppose that B is a Boolean algebra and
L, is an OML.

If K is an OML, then we denote its center by C(X), i.e.,

C(K)={xeK;x=(xAy) v (xry’) for every ye K}
Proposition 3.1. C(B®Ly)=B®C(L,) (Ptik, 1986, Theorem 2.1).

It follows from this proposition that the sum of two Boolean algebras
is a Boolean algebra. (Note that the center of the {0;1}-pasting is the
set {0;1}.)

Proposition 3.2. B@L; is modular if and only if L, is modular (Janis,
1990, Theorem 3.1).

Proposition 3.3. B®L, is atomic if and only if both B and L, are atomic.
The set of all atoms of the sum consists of the elements [(a, b), (@', 0)], where
a is an atom in B and b is an atom in L; (Jani§, 1990, Theorem 3.3).

The next proposition shows how the elements of the sum can be
obtained by a finite number of lattice operations from elements of f(B)
and f1(L,).

Proposition 3.4. For each xe B®L, there exist neN; a,...,a,eB;
by, ..., b,eL, such that

x= ,-\=/1 (f(a) Afi(By))

Proof. Let x=[(ai, ), ..., (a,, b,)]. Applying the proposed lattice
operations on f(ay), ..., f(a,) and fi(b)),...,fi(b,), where f and f; are
the embeddings from the definition of the sum, we obtain the required
representation of x. W
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The following statement deals with the strong almost orthogonality
which was introduced in Pulmannova and Rie¢anova (1990).

Definition 3.5. Let L be an OML, AL, A4 is a set of atoms. Then 4 is
strongly almost orthogonal if for every ae A there is n,e N such that each
sequence {a;};21, a;€ A, where a, = a, a;is not orthogonal to a;4,, i=1,2, ...,
contains at most #, distinct elements.

Proposition 3.6. 1f the set of all atoms in L, is strongly almost ortho-
gonal, then the set of all atoms in B@L, is also strongly almost orthogonal.

Proof. If p=[(a1, by), (ai, 0)], g=[(az, b2), (a3, 0)] are atoms in B L,
such that @, #4,, then p is orthogonal to ¢. If a4, =a,, then p is orthogonal
to g if and only if b, is orthogonal to b,. Therefore, if {p;}2, is a sequence
of atoms in B@®L, such that p; is not orthogonal to p.,, p;=[(a:, b)),
(a}, 0)], then {b;};}2, is a sequence of atoms in L, such that b, is not ortho-
gonal to b,y (i=1,2,...) and the proposition is proved. M

4. COMPLETION OF THE SUM

This section contains the main results concerning the MacNeille comple-
tion of sums of Boolean algebras and OMLs. As we have already mentioned,
completeness of B and L; may not be inherited for L. The next example
[introduced also in Jani§ (1990)] shows that even in case of both B and L,
being complete Boolean algebras, their sum L may not be complete.

Example 4.1. Let B be the system of all subsets of the interval [0; o0),
B is ordered by the natural set inclusion, and let L, =B. Then both B and
L, are complete Boolean algebras. Denote by a;, the interval [m; n), m,
nef0; oo]. Let us consider the set

M= {{(ap, @), (@, a}), ..., (&, &), (a5, a )]}

Then M is a subset of L and an easy computation shows that /\ M does not
exist in L. Therefore L is not complete.

If K is a lattice, then by K we denote its MacNeille completion, i.e., K
is a complete lattice in which K can be embedded by an embedding ¢ and
every element of K is a join and a meet of elements of ¢ (K). [We say that
@ (K) is join dense and meet dense in K.] It is known that MacNeille comple-
tion of an OML need not be an OML (Kalmbach, 1983, p. 259). A sufficient
condition for K to be an OML is, e.g., K being an atomic (0)-continuous
OML such that the interval topology in K is Hausdorff (RieGanova, 1990).
Another similar condition requires K to be an atomic OML with a strongly
almost orthogonal set of all atoms (Pulmannovid and Rieanova, 1990,
Theorem 2.5).
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The following theorem explains the relationship between summing of
completions and completions of sums.

Theorem 4.2. Let B be a Boolean algebra, and let L, be an OML such
that L, is an OML. Then

B®L,=BOL,
Proof. We prove the theorem in three steps:
(i) First we show L,c B@L, (i.e., there exists an embedding of L, into
B(‘D Ll) :
If xeL,, then there exists a set EcL, such that x=\/ E. Let
fi¥: L, » B®L, be such that for every xeL,

ﬁ*(x)=e\e/E fite), where x=VE

It is easy to show that fi* is an embedding.

(i) We will show that B@®L,cB®L, (again in the sense of an
embedding):

Denote by f; the usual embedding f,:L; » B®L,, i.e., fi(b)=[(1, b)]
for each bel,.

Let f,: B®OL, » B®L, be defined in the following way: If xe B®L,,
then (Proposition 3.4)

X=_\n/] (f(@) Ai(B)), a;€eB, bel,, i=1,2,...,n
Put £5(x)=\=1 (f(a@:) Afi¥(;)). Then f; is the required embedding.
(iii) We have
B®L,=B®L, (in the sense of isomorphism)
Indeed, as B®L, < B®L,, the inclusion
BOL cBOL

is obvious. The inverse follows from (ii). W

If K is an atomic lattice, then obviously K and K have isomorphic sets
of all atoms. Therefore, if B and L, are atomic, then the sets of all atoms of
B®L,, B®L,, and B®L, are isomorphic.

Theorem 4.3. If B is an atomic Boolean algebra, L, is an atomic OML,
and the set of all atoms of L, is strongly almost orthogonal, then

BOL,=[110; f(a) nfi(5)]

where the product is over all pairs (a, b) such that a is an atom in B and »
is an atom of C(L,). Moreover, f(a) Af1(b) are atoms in C(BDL,) and
[0; f(a) A fi(b)] are finite OMLs.
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Proof. According to Proposition 3.6, the set of all atoms of (B®L,) is
strongly almost orthogonal. Hence by Pulmannova and Rie€anova (1990),
Theorem 2.3(iii), we obtain that B®L; can be embedded into a direct
product B®L1=Hie, [0; ¢;], where ¢, are atoms of C(B@L,)=BPC(L,)
and [0; ¢;] are finite OMLs. Moreover, the sets of all atoms of B@®L, and
B®L, are isomorphic. It follows that ¢;=f(a;) A f1(b;), where a; is an atom
in B and b; is an atom in C(L,), iel. N

5. SUMS AND DIRECT PRODUCTS

The aim of this section is to show that in the case of a finite atomic
Boolean algebra B and an arbitrary OML L, the sum B®L, is isomorphic
to the direct product of OMLs L; and in case of any atomic Boolean algebra
B the sum is dense in such a product, which enables us to introduce a
necessary and sufficient condition for completeness of the sum.

Theorem 5.1. Lei B be an atomic Boolean algebra with # atoms and let
L be an OML. Then the sum B®L, is isomorphic to the direct product
L| X Ll Xoeon XL] (n times).

Proof. Let {a;,as,...,a,} be the set of all atoms in B. Then each
element of B@L, can be written in the form

x=[(a1, b1), (a2, b2), . . ., (an, bn)]
It is easy to prove that
fi BOL - L xLyx---XL; (ntimes)
Sx)=(b1,b2,...,by)

is the required isomorphism. M
This relationship is a little different if B is infinite:

Theorem 5.2. Let B be an atomic Boolean algebra and let L; be an
OMVL. Then B@®L, is isomorphic to a join dense and meet dense subset of
the direct product [ _, L,, L,=L, for each ae A4, where A is the set of all
atoms in B.

Proof. The set [],_, L, consists of all the functions f:4 —L,. Let
h: L -] ]sea L, be defined in the following way:

If x={(a1,d), (c2,db),...,(cn,ds)]eL, then for any aeAd there
exists exactly one k(a)e{1;2;...;n} such that a<c,. Then we put
h(x)=f., where f,(a)=cw,. A routine verification shows that 4 is an
embedding.

acA
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Now let fe[l.c. L, and let
M={x.eL;x,=[(a, f(a)), (a, 0)], ac 4}
Then for each x,eM there is h(x,) < f; therefore
12V hix)

If gellues Lo, 82 Vaea h(x.), then for each ae A we have g(a) > f(a),
which means g> f. We have proved that each element of [],.4 L, is a join
(and hence also a meet) of some elements of A(L) and therefore A(L) is join
dense and meet dense in [Jocq L.,. W

Corollary 5.3. If B is an atomic Boolean algebra and L, is a complete
OML, then the MacNeille completion of BDL, is

B®L,=]l,., La, L,=L, for each ac A
where A is the set of all atoms in B.

Corollary 5.4. 1f B is an atomic Boolean algebra and L, is an OML
such that its MacNeille completion L, is an OML, then the MacNeille com-
pletion of B®L, is

E—B—I;:Hae/‘ L., L,=L, foreachaed
where A is the set of all atoms in B.
Proof. In view of Theorem 4.2 and Corollary 5.3, we have
m=m=ﬂam L., L,=L, foreachacd N
Let us now consider another special case when the OML L, is finite.

Theorem 5.5. Let B be an atomic and complete Boolean algebra and
let L; be a finite OML. Let P={(a, b)|a is an atom in B, b is an atom in
C(L,)}. Then B@L, is isomorphic to

[l [0;/@rfih)]

(a.b)eP

where f, f; are the embeddings from the definition of B®L, and
[0; f(a) Af1(B)] are finite OMLs.

Proof. 1n view of Theorem 4.3, we have

B®L, cB®Li= [] [0,f(a@) Arfi(b)]

(a,b)eP

(in the sense of an embedding).
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Let {by,b,, ..., b,} be the set of all atoms in L,. Since the sets of all
atoms of B@®L, and B@L, are isomorphic, for any xe BOL, we have

x=\ {cle<x, cis an atom in BOL,} = \/ 4,
k=1

where
de=V\ {clc<x and there exists an atom ae B such that c=f(a) Afi(bs)},
k=1,2,...,n
Since B is complete and f(a), fi(b) are compatible, i.e.,

F@=((S(@rfib) v (f(@ A fi1(b))) foranyaeB,beL,

we have
di=(\V {f@|f(@ A fi(b)<x, ais an atom in B}) A f1(by)

and thus d,e BOL, and xe B®L, (in the sense of an isomorphism). W

Due to Theorems 5.1 and 5.5, a sufficient condition for the completeness
of B®L, is that one of B, L, is finite and the other is complete (assuming
both B and L, atomic). The next theorem shows that this condition is
necessary, too. The idea of its proof is similar to that used in Example 4.1.

Theorem 5.6. If a Boolean algebra B and an OML L, are both infinite,
then B® L, is not complete.

Proof. Let {a),as,...,d,,...} be an infinite, countable, pairwise;
orthogonal set of nonzero elements in B and let {b,, b,,...,b,,...} be an
infinite countable set of mutually different elements of L,. Put

p=(ar, by), (a1, 1)]

P2=[(a1, b)), (az, by), (a} Aab, 1)]

Pn=[(al s bl)a (a25 bz), se ey (ana bn)y (ai Aaé/\ Tt Aa:n 1)]

Then

piEB®L,, i=1,2,...,0,..., p1=p= =p,> e
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We will show that /\;2; p; does not exist in B@®L,: Suppose the con-
trary. Then

Do= /=\] pi=l[(ci, dy), (ca, dr), ..., (Cm, dn)|EBDL,

Evidently every a, has nonvoid meet with at least one ¢;, ie{1,2,...,m}.
We claim that then each ¢; has nonvoid meet with at most one a,, i=
1,2,...,m, n=1,2,..., which contradicts the infinity of the set
{a1, ay,...}. Indeed, assume without loss of generality that ¢, A a;#0,
¢ Aa #0; then d, <b, A b,. Thus the element

[(C] Ady, b])’ (Cl Adz, b2)3 (Cl A a; Aaé, dl)s (025 d2)9 sy (cm, dm)]

is greater than p, (since b; #b,) and it is less than or equal to any of the
elements p;, i=1,2,..., which is a contradiction. Hence B@L, is not
complete. W

Now we have the following result:

Corollary 5.7. Let B be an atomic Boolean algebra and let L, be an
atomic OML. Then B®L, is complete if and only if one of them is complete
and the other is finite.
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