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1. INTRODUCTION 

The basis of this work is the sum of a Boolean algebra and a logic 
(orthomodular lattice) defined in Pt/tk (1986). For a given Boolean algebra 
B and a logic Lj it enables us to construct a logic L such that both B and 
L~ are sublogics of L and many properties of  B and Lj are inherited for L 
(e.g., if L~ is a modular logic, then L is also modular), while a horizontal 
sum ({ 0; 1 }-pasting) of B and L~ does not respect them. These questions are 
studied in .~anig (1990). On the other hand, completeness of both B and Li 
does not guarantee completeness of L. This work deals with some aspects 
of MacNeille completions of sums and with relations between sums and 
direct products of logics. 

2. BASIC NOTIONS AND DEFINITIONS 

By an orthomodular lattice (OML) we understand a lattice L with 0, 1 
and with an orthocomplementation (we denote by a' the orthocomplement 
of an element a) fulfilling the following conditions: 

(i) ( a ' ) '=a  for each a~L.  
(ii) I f  a<_b, then b'<_a' for each a, b~L.  

(iii) a v a'= 1 for each aEL.  
(iv) If  a, bEL,  a < b ,  then b = a  v (b ^ a') (the orthomodular law). 

The elements a, b are orthogonal if a <b'.  The term logic (quantum 
logic) is used for orthomodular lattices as well. 
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If Lt ,  L2 are OMLs, then the mappingf :L1  --}L2 is called a morphism 
if for each a, beLt 

f(O) = O, f (a  v b) = f ( a )  v f ( b )  and f(a') = (f(a))' 

I f f  is bijective and both f and f - J  are morphisms, then f is called an 
isomorphism. The mapping f :  Lt ~ L2 is called an embedding if f :  Lt ---}f(Lt) 
is an isomorphism. 

We introduce the definition of a sum of  a Boolean algebra and a logic 
as it is used in Ptfik (1986). 

If  B is a Boolean algebra and L~ is an OML, then the OML L is called 
a sum of  B and L1 if the following conditions are fulfilled: 

(i) There exist embeddings f :  B ~ L, jq :Lt ~ L such that f (a)  ^f~ (b)= 
0 if and only if a = 0  or b = 0 ;  aeB, beL~. 

(ii) There is no proper sublogic of  L containingf(B)  uft(L~). 
(iii) If  st and s2 are states on B and L~, respectively, then there is a 

state s on L such that s(f(a))=sl(a) for each aeB and s(ft(b))=s2(b) for 
each b e L~. 

It is proved in Pt~k (1986) that this sum exists for any Boolean algebra 
and any OML. Now we shall briefly describe its structure: 

Let us consider the set S of  all the elements of the form ( (a t ,  b~), 
(az, b2) . . . . .  (a, ,  b ,)) ,  where n is a natural number, a~eB, and b~eLl, i = 
1, 2 , . . . ,  n, such that ai ̂  aj = 0 whenever i ~ j  and VT= 1 ai = 1. , 

The relation < in S is defined in the following way: ((at,b~), 
(a2, b2), �9 �9 �9 , (a., b,,))<((cl, dO, (c2, d2), �9 �9 �9 , (C,n, d,.)) if bi<dj whenever 
a~Aej#O. 

If  we identify those elements p, re  S for which both p < r and r_<p, then 
the set of  all the corresponding equivalence classes is the required sum 
B~L~.  We shall write its elements in square brackets. 

The orthocomplementation in B~L~ is defined in the following way: 
If peBOL~,  

p = [(a,, bt), (a2, b2), �9 � 9  (a. ,  bn)] 

then 

p ' = [ ( a , ,  b~),(a2, b~) . . . .  , (a . ,b~)]  

It is easy to verify that if 

p = [ ( a , ,  b , ) ,  (a2, b2) . . . . .  (an, bn)] 

r = [ (c , ,  at) ,  (c2, g2) . . . .  , (c, . ,  d,.)] 
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then 

p v r =  [(ai^ Cj, bivdj)]7'=~,j= I 

p A r = [(ai ^ c i, bi A dj)]7"Uj= I 

The embeddings f ,  J] from the definition of the sum are such that 

f ( a )  = [(a, 1), (a', 0)], Ji(b) = [(1, b)] for aeB,  beL~ 
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3. PROPERTIES OF SUMS 

In this section we give a brief review of some results proved in Ptfik 
(1986) and Janig (1990) and derive two properties useful for our purposes. 
Throughout the whole section we suppose that B is a Boolean algebra and 
Ll is an OML.  

If  K is an OML, then we denote its center by C(K), i.e., 

C(K) = {xeK; x = (x ^ y) v (x ^ y') for every y e K }  

Proposition 3.1. C(B~L~)  = B@ C(L1) (Ptfik, 1986, Theorem 2.1). 

It follows from this proposition that the sum of two Boolean algebras 
is a Boolean algebra. (Note that the center of the {0; 1}-pasting is the 
set {0; 1}.) 

Proposition 3.2. B@L~ is modular if and only if L~ is modular (Jani~, 
1990, Theorem 3.1). 

Proposition 3.3. B@Li is atomic if and only if both B and L~ are atomic. 
The set of  all atoms of the sum consists of the elements [(a, b), (a', 0)], where 
a is an atom in B and b is an atom in L1 (Jani~, 1990, Theorem 3.3). 

The next proposition shows how the elements of the sum can he 
obtained by a finite number of lattice operations from elements of f ( B )  
and j~ (LI). 

Proposition 3.4. For each xeB@L~ there exist h e N ;  a~ . . . . .  a, eB;  
b~ . . . . .  b, eL~ such that 

x =  ~/ ( f (a i )  ^J](bi)) 
i = l  

Proof  Let x=[(a~,  b~) . . . . .  (a,, b,)]. Applying the proposed lattice 
operations on f ( a O , . . .  , f (a , )  and J~(bl) . . . . .  J](b,), where f and J~ are 
the embeddings from the definition of the sum, we obtain the required 
representation of x. �9 
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The following statement deals with the strong almost orthogonality 
which was introduced in Pulmannov~ and Rie~anov~t (1990). 

Definition 3.5. Let L be an OML, A c L ,  A is a set of atoms. Then A is 
strongly abnost orthogonal if for every a~A there is na~N such that each 
sequence {ai}iZ ~, ai~A, where al = a, a; is not orthogonal to a l l ,  i=  1, 2 . . . . .  
contains at most na distinct elements. 

Proposition 3.6. If  the set of  all atoms in L~ is strongly almost ortho- 
gonal, then the set of all atoms in B@L~ is also strongly almost orthogonal. 

Proof I fp  = [(al, bj), (aL 0)], q= [(a2, b2), (a~, 0)] are atoms in B@LI 
such that a~ Ca2, then p is orthogonal to q. If  a~ =a2, then p is orthogonal 
to q if and only if bl is orthogonal to b2. Therefore, if {p~}~Z i is a sequence 
of atoms in BGL~ such that p~ is not orthogonal to p~+~, p~=[(ai, b~), 
(a~, 0)], then {b~),-Z ~ is a sequence of atoms in L~ such that b; is not ortho- 
gonal to b;+~ (i= 1, 2 . . . .  ) and the proposition is proved. �9 

4. COMPLETION OF THE SUM 

This section contains the main results concerning the MacNeille comple- 
tion of sums of Boolean algebras and OM Ls. As we have already mentioned, 
completeness of B and L~ may not be inherited for L. The next example 
[introduced also in Jani~ (1990)] shows that even in case of both B and Lj 
being complete Boolean algebras, their sum L may not be complete. 

Example 4.1. Let B be the system of all subsets of the interval [0; ~ ) ,  
B is ordered by the natural set inclusion, and let L~ =B. Then both B and 
Lj are complete Boolean algebras. Denote by a,", the interval [m; n), m, 
ne[0;  ~] .  Let us consider the set 

M = {[(a~, a~), (al 2, al 2) . . . .  , ,+1 ~ , ta .  , 4 + ' ) ;  ( a ~ , ,  a . + , ) ] } . = 0  

Then M is a subset of L and an easy computation shows t h a t / k  M does not 
exist in L. Therefore L is not complete. 

If  K is a lattice, then by k we denote its MaeNeille completion, i .e . , / (  
is a complete lattice in which K can be embedded by an embedding 4) and 
every element of /~  is a join and a meet of elements of ~b (K). [We say that 
~b (K) is join dense and meet dense in/~.] It is known that MacNeille comple- 
tion of an OML need not be an OML (Kalmbach, 1983, p. 259). A sufficient 
condition for /~  to be an OML is, e.g., K being an atomic (o)-continuous 
OML such that the interval topology in K is Hausdorff (Rie~anov~, 1990). 
Another similar condition requires K to be an atomic OML with a strongly 
almost orthogonal set of all atoms (Pulmannov~ and Rie~anov~, 1990, 
Theorem 2.5). 
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The following theorem explains the relationship between summing of 
completions and completions of  sums. 

Theorem 4.2. Let B be a Boolean algebra, and let L1 be an OM L  such 
that/SI is an OML. Then 

B~LI  =BOLl 

Proof We prove the theorem in three steps: 
(i) First we show L, c B@Lt (i.e., there exists an embedding of/S~ into 

B~Ll)  : 
If xe/S~, then there exists a set EcL~ such that x = V E .  Let 

J]*:/Z~ ~ B ~ L ~  be such that for every xeLl 

j ] * ( x ) = V  J~(e), where x = V  E 
e E E  

It is easy to show that )']* is an embedding. 
(ii) We will show that B@LjcB@L1 (again in the sense of an 

embedding) : 
Denote by ~ the usual embedding fl :Li ~ B@/S,t, i.e., ~ ( b ) =  [(1, b)] 

for each b e l l .  
Let J~:B@/~---, B~LI be defined in the following way: If  xeB~[ , i ,  

then (Proposition 3.4) 

x= ~/( f (ai)  ^fl(bi)), aieB, bieLi, i= 1, 2 . . . . .  n 
i = l  

Put J~(x) = VT= i (f(ai) ^)q*(bi)). Then j~ is the required embedding. 
(iii) We have 

B@ L~ = B@ L~ (in the sense of  isomorphism) 

Indeed, as B@Ll cB@[,1, the inclusion 

B~LI ~ B@L1 

is obvious. The inverse follows from (ii). �9 
If  K is an atomic lattice, then obviously K a n d / (  have isomorphic sets 

of  all atoms. Therefore, if B and L~ are atomic, then the sets of all atoms of 
BOL~, B@Lj, and B~L1 are isomorphic. 

Theorem 4.3. If B is an atomic Boolean algebra, L~ is an atomic OML, 
and the set of  all atoms of  Lm is strongly almost orthogonal, then 

BOL, = 1] [0 ; f ( a )  ^jq (b)l 

where the product is over all pairs (a, b) such that a is an atom in B and b 
is an atom of C(LO. Moreover, f(a)^fl(b) are atoms in C(B@L1) and 
[0 ; f (a)  ^3q(b)] are finite OMLs. 
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Proof According to Proposition 3.6, the set of  all atoms of (BO)L~) is 
strongly almost orthogonal. Hence by Pulmannovh and Rie~anovh (1990), 
Theorem 2.3(iii), we obtain that Bt~Lj can be embedded into a direct 
product B0)Ll=lqi~v[0;  c;], where ct are atoms of C(B@LO=BO)C(LO 
and [0; ci] are finite OMLs. Moreover, the sets of  all atoms of  B@L~ and 
BO)Lt are isomorphic. It follows that c~=f(a~) Aj-q(b~), where a~ is an atom 
in B and bi is an atom in C(LO, ieL �9 

5. SUMS AND DIRECT PRODUCTS 

The aim of  this section is to show that in the case of  a finite atomic 
Boolean algebra B and an arbitrary OML Lj the sum BO)Lt is isomorphic 
to the direct product of  OMLs Lt and in case of  any atomic Boolean algebra 
B the sum is dense in such a product, which enables us to introduce a 
necessary and sufficient condition for completeness of the sum. 

Theorem 5.1. Let B be an atomic Boolean algebra with n atoms and let 
L be an OML. Then the sum B~LI is isomorphic to the direct product 
Li x Ll x- �9 �9 x Li (n times). 

Proof. Let {at, a2, . . . ,  a,} be the set of  all atoms in B. Then each 
element of  B@L~ can be written in the form 

x = [(a,, b,), (a2, b2) . . . . .  (a. ,  b.)] 

It is easy to prove that 

f: B @ L I ~ L l x L ~ •  (ntimes) 

f(x)  = (b,, b2, . . . ,  b.) 

is the required isomorphism. �9 
This relationship is a little different if B is infinite: 

Theorem 5.2. Let B be an atomic Boolean algebra and let L~ be an 
OML. Then BOL~ is isomorphic to a join dense and meet dense subset of 
the direct product I~.~A L., L~=L~ for each aeA, where A is the set of  all 
atoms in B. 

Proof The set I-I.~A L~ consists of  all the functions f :A  ~L~. Let 
h: L ~ H.~.4 L.  be defined in the following way: 

If x=[(cj,dl), (c2,d2) . . . . .  (e.,d.)]~L, then for any aEA there 
exists exactly one k ( a ) ~ { 1 ; 2 ; . . . ; n }  such that a<e~.). Then we put 
h(x)=f~, where fx(a)=ekc.~. A routine verification shows that h is an 
embedding. 
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Now let f~l-la~A L~, and let 

M = {x~6L; x,=[(a,f(a)), (a', 0)], aeA} 

Then for each x, EM there is h(x,)<f; therefore 

f >  V h(x,) 
a~A 

If gel]a~A La, g>  V~A h(x,), then for each a eA we have g(a)> f(a), 
which means g>  f We have proved that each element of I-L~A Lo is a join 
(and hence also a meet) of some elements of h(L) and therefore h(L) is join 
dense and meet dense in I]~A L~. �9 

Corollary 5.3. If B is an atomic Boolean algebra and L~ is a complete 
OML, then the MacNeille completion of B@L~ is 

B~L1=[I~A L~, L~=Lj for each a~A 

where A is the set of all atoms in B. 

Corollary 5.4. If B is an atomic Boolean algebra and Lj is an OML 
such that its MacNeille completion/S~ is an OML, then the MacNeille com- 
pletion of BGL1 is 

B~Lt=I-I~AL,, L~=/SI for each a~A 

where A is the set of all atoms in B. 

Proof In view of Theorem 4.2 and Corollary 5.3, we have 

B@LI=B@LI=H~AL~, L~=/SI foreacha~A �9 

Let us now consider another special case when the OML L~ is finite. 

Theorem 5.5. Let B be an atomic and complete Boolean algebra and 
let L~ be a finite OML. Let P =  {(a, b)la is an atom in B, b is an atom in 
C(LI)}. Then BOL~ is isomorphic to 

H [0;f(a) ^fl(b)] 
(a ,b )~P 

where f, J~ are the embeddings from the definition of BOLj and 
[0;f(a) AJq(b)] are finite OMLs. 

Proof In view of Theorem 4.3, we have 

B~L, c B ~ L , =  1-I [O,f(a) ^jq(b)] 
(a,b) ~ P 

(in the sense of an embedding). 
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Let {bl, b 2 , . . . ,  b.,} be the set of all atoms in L~. Since the sets of all 
atoms of B ~ L I  and B ~ L t  are isomorphic, for any x ~ B ~ L ~  we have 

x = V  {c lc<x ,  c i s a n a t o m i n B ~ L 1 } =  ~/ d~ 
k = l  

where 

dk = V {c ] c < x and there exists an atom a~B such that c = f ( a )  ^f~ (bk) }, 

k = l , 2  . . . . .  n 

Since B is complete and f ( a ) , f l ( b )  are compatible, i.e., 

f ( a )  = ( ( f ( a )  ^ f l (b ) )  v ( f ( a )  ^ ~(b) '))  for any a~B, b~Ll  

we have 

dk = ( V  { f ( a ) I f ( a ) ^  ./](bk)<x, a is an atom in B} )^jq(bk) 

and thus dkeB@Lm and xzB@L1 (in the sense of an isomorphism). �9 

Due to Theorems 5. I and 5.5, a sufficient condition for the completeness 
of B@L~ is that one of B, L~ is finite and the other is complete (assuming 
both B and L~ atomic). The next theorem shows that this condition is 
necessary, too. The idea of its proof is similar to that used in Example 4.1. 

Theorem 5.6. If a Boolean algebra B and an OML Lt are both infinite, 
then B~L~ is not complete. 

Proof Let {al, a2 . . . .  , a . . . . .  } be an infinite, countable, pairwis e 
orthogonal set of nonzero elements in B and let {hi, b 2 , . . . ,  b . . . . .  } be an 
infinite countable set of  mutually different elements of L1. Put 

pj = [(al, bl), (al, 1)] 

P2 = [(al, bO, (a2, b2), (a~ ^ a~, 1)] 

p.  = [(al, bO, (a2, b2) . . . . .  (a,,  b,), (a[ ^ a~ A" �9 �9 A a ' ,  1)] 

Then 

p i ~ B ~ L j  , i=  1 , 2 , . . .  , n  . . . . .  pl>_p2>_. �9 .>_p,,>_. �9 �9 
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We will show that/ki~=l pi does not exist in B ~ ) L I "  Suppose the con- 
trary. Then 

p0 = A p ,=  [(c,, di) ,  (c2, d2), . . . , (cm, d m ) l ~ B ~ L 1  
i=1 

Evidently every an has nonvoid meet with at least one c~, i~ { 1, 2 . . . . .  m}. 
We claim that then each c~ has nonvoid meet with at most one an, i = 
1,2 . . . . .  m, n = l , 2  . . . . .  which contradicts the infinity of  the set 
{al, a2 . . . .  }. Indeed, assume without loss of  generality that ct ^a l  #0 ,  
cl Aa 2#0 ;  then dl <bn Ab2. Thus the element 

[(c, A a , ,  b,), (c, ^ a2, b2), (cn A a[ ^ a'2, dO, (c2, d2) . . . . .  (c , , ,  din)] 

is greater than p0 (since b~ #b2) and it is less than or equal to any of the 
elements p~, i=  1, 2 . . . .  , which is a contradiction. Hence B O L ~  is not 
complete. �9 

Now we have the following result: 

Corol lary  5. 7. Let B be an atomic Boolean algebra and let L~ be an 
atomic OML. Then B O L n  is complete if and only if one of  them is complete 
and the other is finite. 
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